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I. INTRODUCTION 



Recently, a candidate of an ultraviolet renormalizable theory of gravity suggested by 
Hofava in Ref. jl| has attracted a huge interest, which is inspired by an idea of Lifshitz in 
condensed matter physics The essential point of this theory of gravity, which is often 
called Hofava-Lifshitz (HL) gravity, is the violation of the Lorentz invariance because of the 
anisotropic scaling behaviours of the time and space coordinates with a dynamical critical 
exponent z, 

t^l z t, (1) 
x i -tlx* , (2) 

where z > 1. In the four dimensional space-time, HL gravity has an ultraviolet "fixed" point 
for z = 3. This is possible in a special foliation of the constant time hypersurfaces. Then, 
the action, which now contains higher order spatial derivatives of the metric, is invariant 
under the foliation-preserving diffeomorphism, 

t ->t(t) , (3) 
x i a;') . (4) 

The functions of the former are called "projectable" 

While it is still controversial whether HL gravity is a complete, consistent theory 0, 4], 
the cosmology of HL gravity has been extensively studied . Several important properties 
have been clarified, e.g. in the ultraviolet limit, the scalar field perturbations may produce 
a scale-invariant spectrum, insensitive to the expansion rate of the universe Q|. However, 
before we address any properties of cosmological perturbations in HL gravity, we first of 
all must clarify physical and gauge degrees of freedom. For this purpose, it is desirable to 
formulate the cosmological perturbations in HL gravity in a gauge-invariant manner as done 
in Einstein gravity Q]. 

Since the structure of the HL gravity is different from that of the conventional Einstein 
gravity, this issue should be thoroughly addressed and carefully analyzed. Only after then 
we can solve the relevant equations of motion of the relevant variables and study their 
observational significance. In this paper, in the context of the linear perturbation theory, 
we investigate the structure of the perturbed action of HL gravity with a canonical scalar 



field, and identify the gauge and physical degrees of freedom, and spell out the perturbation 
equations. However, we do not solve the equations. 

The organization of this paper is as follows. In Section [Til we expand the action of HL 
gravity with a canonical scalar field to quadratic order. Then we derive the background 
equations of motion from the linear action, which are frequently used in the subsequent 
calculations. Next, in Section IHH we focus on the tensor and vector perturbations, and 
present their Hamiltonians. We find that the results are structurally analogous to Einstein 
gravity for tensor and vector perturbations. In the next two sections, we study the scalar 
perturbations without and with the projectable condition. In Section [TV] we first consider the 
case without the projectable condition. We rewrite the action for the scalar perturbations in 
the first order form, i.e. in the Hamiltonian form. Then analyzing the constraint equations 
by computing the Poisson algebra, we identify the gauge degree of freedom and find that 
there is a single physical degree of freedom, just like in Einstein gravity. However, the 
important difference is that there is no temporal gauge degree of freedom in HL gravity. In 
Section |V] we repeat the same procedure with the projectable condition. We find that there 
are two physical degrees of freedom, one from gravity and one from the scalar field. Then 
we present the equations of motion for the two relevant variables. Finally we conclude in 
Section IVIl Some formulas used in Section IIVI are summarized in the Appendices. 

II. PERTURBED ACTION 
A. Gravity sector 

We first consider only the gravity sector of the HL theory. We begin with the Arnowitt- 
Deser-Misner metric Q| 

ds 2 = -N 2 dr] 2 + 7<j(JV i d77 + dx^iWdr) + dx j ) , (5) 
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where we include perturbations in the lapse function N, the shift vector N{ and the induced 
spatial metric 7^ as 



N =a(r))(l + A) 
N i =a 2 ( V )B i , 



Sij + 2hi5ij + 2 I £y — —8ij£ k k 



1 

3' 



(6) 
(7) 

(8) 



respectively. In what follows we set TZ = — £ k k/3. Now, we try to write the HL gravity 
sector with perturbations up to second order. The action is written as 

1 



{ifjK'i - \K 2 ) + fiR 



Jjk 



+a 1 R l3 R ij + a 2 R 2 + a?,'—R il V j R l k + a A C ij Cij + a 



1 



(9) 



where 7 is the determinant of 7^, 1/k 2 is the coupling of kinetic sector of HL gravity, is 
the extrinsic curvature 

K i3 ; = + V ^ - in) > ( 10 ) 

with Vj being a three dimensional covariant derivative, R and Rij are the Ricci scalar and 
the Ricci tensor constructed from 7^, CV,- is the Cotton tensor given by 

Akl / 1 



V fc I Rh 



}5 3 iR 



(11) 



and a is the remaining miscellaneous terms like a cosmo logical constant. We can return to 
Einstein gravity by setting A = 1, k 2 = 2/rripj, \i — 1/k 2 and the other parameters zero. 



1. Linear action 

After substituting the metric into the action (Q and expanding, the linear order 
pieces are collected to give, with % = a' /a and A = 8 %3 didj being the spatial Laplacian, 

1 -3A 



S 1 S: 



I1L 



d 4 xa 2 



[6WZ' - 3H 2 {A - 311) - 2H (B\i - + 3U 2 £\] 
H [-4 A1Z + 2 (£ ij 4j - A£\)] + a 2 a (A + 311 + £\) } . (12) 
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At this point, we can in general decompose Bi and Sij into pure scalar, vector and tensor 
components as 

Bi=B ii + S i , (13) 

=E )i j + F(ij) + hij , (14) 

where Si and Fi are transverse vectors, and is a transverse-traceless tensor, 

S i , i = F i ii = ti i = ti j , i = 0. (15) 

Then we have at the moment total four, four and two independent degrees of freedom for 
scalar, vector and tensor metric perturbations, respectively. Later when we consider the 
perturbation of a canonical scalar field, we have an additional degree of freedom for scalar 
perturbation so that its total number becomes five. Then, we are left with a relatively simple 
linear order action 

S^bl = j d 4 xa 2 | [-m 2 A - 3 (W! + n 2 ) K] + a 2 a (A + 3K) j . (16) 

Note that there are only scalar contributions to the linear action of the gravity sector. 



2. Quadratic action 

Collecting the second order terms, and decomposing the perturbations into scalar, vector 
and tensor components, a lot of tensor and especially vector contributions disappear. Fur- 
ther, it can be found that there is no coupled terms between scalar, vector and tensor metric 
perturbations. Hence, as long as there is no mixing between different modes in the energy- 
momentum tensor, we can separately consider each mode, like the decomposition theorem 
in cosmological perturbation theory in Einstein gravity. If we explicitly collect scalar, vector 
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and tensor contributions, we obtain the respective actions separately as 



6*sP 



I ( 3ft' 2 + m{K - A)TZ' + ^U 2 (A -TZf + H [2TZ 1 + 3H(K - A)} AE 



H 2 



-IWVBj, - 2 [W + H(K - A)} A (B - E') - -H 2 B^B ti - 2HAEA (B - E') 



■2HB'*AE ti + mE' ij (B - E')^ + ^H 2 {AE) 2 - 3U 2 E> ij E tij 



1-A 



+a 2 a 



[A (B - E')} 2 - 2/i(ft + 2A) All 



^(Aft) 2 + ^(Aft) 2 



-^- + 3ATZ + \ll 2 + (A + TZ)AE + ?^ + \{AE) 2 - E"E t 



(17) 



Jf c-(") 





>{(1"3A) 







■\'H 2 S l S l + 2HS i AF i + 2HF 4J (5, - F/) . - \u 2 F^F id 
2 ' J 2 



+\ (s i -F i 'Y '(Si -Ft) 



2 a (S'S, - F^Fij) 



h ij 'h' i:j - (1 - 3A) (mh ij h' i:j + STW/^)] + /i/^A/i 



13 ' a 3 



(18) 



+^A0Ah ij + ^ k Ah u Ah l kA - ^AWAXj - a 2 a0h^ . (19) 



B. Matter sector 

We consider the matter action of a scalar field as 

1 



S M = / d*xN^ 



2N 2 



where 



n=l 



(20) 



(21) 



with (n) denoting n-th spatial derivative. In the z = 3 HL gravity, n is at most 3 as shown 
above. By setting £i = 1/2 and £2 = £3 = 0, we can recover the matter action in Einstein 
gravity. Expanding <fi into background and perturbation as 



<f){r],x) = 00(77) + 5^(77, x) 



(22) 
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we can easily find that 

-L (0' - N%) 2 - z{4>) - v{4>) 

1 (0 O 50' - o 2 a) - tyty 
+ (V * - 40 O A<50' - 20 o £^0, + 40 O 2 A 2 - o 2 FH t ) - SZ - \v^8<j> 2 , (23) 
where 

3 

6Z = J2 &4 n) <W (n) ^ • ( 24 ) 

n=l 

Below we will denote by p( ) the two background terms in the first parentheses on the right 
hand side of (1231). 




i. Linear action 



First let us consider the linear action of the matter sector. Combined with the gravity 
sector linear action ( Tl6|) . we can derive the background equations of motion which can be 
used to further reduce the second order action. 

The linear action is written as 



61% 



M 



d 4 xa 2 



b' 5(f>' - <p' 2 A - a 2 V^5(P + a 2 p m (A + 3K) 



(25) 



Now we can write the equations derived from the total linear action, i.e. the sum of ( fT6|) 
and (125"]) . They are easily found as 

,-2 



3(1 -3A) 



2n ' + n, = —x 

0'' + 2H0 O + a% = 



O 2 -a 2 (a + p {0) ) 
a 2 (o- + P(o)) , 



(26) 

(27) 
(28) 



If we return to Einstein gravity by setting the parameters appropriately, (1261) . ( 1271) and ( [281 
give the Friedmann equation, the evolution equation of H, and the equation of motion of 
0o, respectively. Note that we can combine ( !26|) and (!2~TJ) to obtain another useful relation 

,-2 



W -U 2 



2(1 -3A) 



(29) 
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2. Quadratic action 



We can straightforwardly write the second order matter action by collecting quadratic 
terms of the matter action. Again scalar, vector and tensor contributions are decoupled to 
give 



x c(*) 



(fxa z { ^5(p' 2 -SZ- l -a 2 V H ^ 2 - 2(j>' Q M(j>' - 
2<j)' 2 A 2 - -^B^B^ + (A + 3TZ + AE) (4' 6(l)' - <p' 2 A - a' 



+a P( ) 



-TZ 2 + 3ATZ - -A 2 + (A + TZ)AE + -B*B ti + -(AE) 2 - E> ij E )t 
2 2 2 2 



d A xa 2 



d 4 x {-a^h 13 hijP(p)) . 



(30) 
(31) 

(32) 



C. Total quadratic action 



Having found the quadratic actions in the gravity and matter sectors, we can now write 
the full second order action of the system. 



1. Tensor quadratic action 

We first start with the tensor action since this is the simplest. Summing the gravity 
sector fl X Q I) and the matter sector (132j) . integrating by parts and using ( 1271) . the tensor 
quadratic action is reduced to 

6 2 S {t) = j d 4 xa 2 (-j^W'Kj + ^Ahij 

+^Ah i3 Ah ij + ^e ijk AhuAh 1 k j - —^Ah ij A 2 h ij ) . (33) 
a 2 a 6 a 4 J 

We need not manipulate this quadratic action any further to make it simpler: tensor is by 

itself gauge invariant, and there is no gauge ambiguity. Note that (l33il reduces to the well 

known tensor quadratic action in Einstein gravity by appropriately setting the parameters, 

^Lein = / d A xa 2 ^f [W 3 'K 3 + h*Ah i3 ) . (34) 
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2. Vector quadratic action 



Next, we consider the vector perturbations. From (1TB]) and (I3TT) . using the background 
equations f[2"Tl) and (j29"l) . and integrating by parts, the quadratic order action of the vector 
perturbations is written as 



Note that unlike tensor or (as we shall see below) scalar, the quadratic vector action is the 
same as that in Einstein gravity. Thus we expect that there will be no dynamical evolution 
of the vector perturbations, and indeed that is the case. 

3. Scalar quadratic action 

Now we turn to the scalar quadratic action. After a number of manipulations using the 
background equations, total derivatives and integrations by parts, we find the quadratic 
scalar action as 




(35) 



5 2 S^ 



1 




1-3A 



3U' 2 - mAR' + (n' + 2H 2 ) A 2 -2 (W - HA) A(B 



E>) 



+ 



1-A 




2 




E>) 



(36) 



From this, we can write by setting the parameters appropriately, 



S^Einstein 




-6TZ' 2 + \2UAR! -2(H'+ W 2 ) A 2 

+ i (d^' 2 - a 2 V H 5<p 2 - 5^5^ + [<#, {A' 
+ [(f>' S4> + 2m 2 Pl (W - UA)} A(B - E')} , 



2(n + 2A)An 



3K') - 2a 2 V 4> A] S(j) 



(37) 



which is in agreement with the scalar quadratic action in Einstein gravity (3,18]. 
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III. HAMILTON! AN REDUCTION OF TENSOR AND VECTOR LA- 
GRANGIANS 



Now we are ready to reduce the phase space of HL gravity with a canonical scalar field. 
First we consider the tensor and vector perturbations which are much simpler than the scalar 
perturbations, which thus will be separately discussed. 



A. Tensor perturbation 

Again, let us start with the simplest case of the tensor perturbations. From ( |33|) . we can 
see that hij is the canonical variable and its conjugate momentum is 

W^±-5 2 S^ = a^h-'. (38) 
Then, (133]) can be now written in the first order form as 



s 2 s {t) = / d A x if/4 - n {t) 



i.i 



(39) 



2 

H w -^ir-'ll, ; - atuWAhij - aiAWAhij - —e ijk AhuAh l kJ + ^Ah ij A 2 h i:i . (40) 

As can be read, it is already in the form without any constraint. Thus the two independent 
degrees of freedom, with which we start, are all physical and they can be interpreted as 
two polarizations of the gravitational waves, as in Einstein gravity, except for the fact that 
they no longer respect the local Lorentz invariance. The solution of the equation of tensor 
perturbations we can derive from (1401) can be found in Ref. [lo| . 



B. Vector perturbation 

Next we consider the vector quadratic action, (1351) . Since only F$ has a term quadratic in 
the time derivative, the associated conjugate momentum exists only for Fj, which is given 

by 

IT = ^2S {V) = ^A (& - F 1 ') . (41) 
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Then, the vector quadratic action is written as 

S 2 S {v) = J d 4 x (IFF! - n (v) - SilF) , (42) 

= - ^n.A- 1 ^ , (43) 
2er 

where A -1 is the inverse Laplacian operator. Now it is clear that Si is not a dynamical 
variable but plays the role of a Lagrange multiplier. The equations of motion of 5", impose 
the constraints, 

rr = o . (44) 

As clear from (l4"2j) . they commute with "HS V '. Hence they are first class constraints, repre- 
senting two vector type gauge degrees of freedom. 

Plugging the constraints ( 14*41 back into the quadratic action (142 jl gives a vanishing La- 
grangian. Thus vector perturbations are found to be non-dynamical as in the case of Einstein 
gravity. 



IV. SCALAR PERTURBATION: WITHOUT PROJECTABLE CONDITION 

Given the scalar quadratic action (136]) . we can in principle proceed straightforwardly. 
However, as we have seen earlier, the projectable condition is necessary to keep the consis- 
tent anisotropic scaling. For our case, it is applied to the the 00-component of the metric 
perturbation A. That is, the projectable condition implies A is a function of only time, 
A = A(r]), not a space-time dependent field. In this section, let us first consider the case 
without the projectable condition. In this case the structure of the scalar action looks 



Many 



superficially similar to that in Einstein gravity, and it has been also studied 
important properties are, however, found to be very different from Einstein gravity as we 
shall see below. 
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A. First order form of the Lagrangian 



The conjugate momenta from (1361) are 

1-3A 



Ii n =a 2 



[6 [W - HA) + 2A(5 - E')] + 3(f>' l 



n 6 * =a 2 (5<P' - <f>' A) 
U E =a 2 A 



2^—^- (W - HA) - 2^—^A(B - E') - ^ 



(45) 
(46) 
(47) 



Then, we can use (|45l) . ( )46l) and ( 1471) to write the derivatives of the canonical variables in 
terms of the conjugate momenta. After some arrangement, we find 



{ 2 S) =u n n' 

-i r 



4a 2 



' + Ii E E' - H {s) - AC A - BC B , 

_ u h a -i u e 3 / A -i nE x2 2 ^ 2 1-A ^2 
2 v ; k 2 2(1 -3A) 



(48) 



+ 



K 



' m 



+ 



3n 2 a 



2„2 



5cj) 2 + 2a 2 [iHATl - 2(3«! + 8a 2 )(Aft) 2 + — (25 Z ■+ 



4(l-3A) ro 

C A =^n^ + 0' o n^ + 4a 2 /iAft + a 2 (3H(f)' + aV ) 
C B =n £ , 



2(1 - 3A) 



(49) 
(50) 
(51) 



where we have used the background equation (|29|) to eliminate terms proportional to A 2 . 



B. Poisson algebra 

As can be read from the first order form Lagrangian ( 14*8|) . A and B appear linearly without 
any time derivative. Hence their coefficients constitute constraint equations, Ca = Cb = 0. 
We can easily find their Poisson brackets vanish, 

{C a ,Cb} = 0, (52) 

and trivially {Ca,Ca} = {Cb,Cb} = 0. In the case of Einstein gravity, both Ca = and 
Cb = are first class constraints. As we shall see shortly, however, this is not the case in 
HL gravity. 

Now let us consider the Poisson brackets of the Hamiltonian with Ca and Cb to check 
the consistency of the constraint equations Ca = Cb = with the equations of motion. First 
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we can easily find 

{n {s) ,c B } = o. 

For the Poisson bracket with Ca, after some calculations and introducing 



(53) 



8Z s<j> = + 650A 2 50 - 650A : 



-2f i A5(p + 2£ 2 A 2 <50 - 2£ 3 A 3 50 , (54) 



we find that 



{K M , C A } =C' a - UC A + (ik 2 C b + C 

K 2 fi{l - A) 



2 , 



c-> 



1 -3A 



-An 



2k 2 h 
1-3A" 



A<5</> - 4-H(3a! + 8a 2 )A 2 ft . 



(55) 



where we have introduced C 2 to denote the induced (secondary) constraint. The Poisson 
algebra of C 2 with respect to other constraints Ca and Cb and with respect to are easily 
found to be 



{C A ,C 2 } ^0 
{C B ,C 2 } =0 
{U {s \C 2 }^ 



(56) 
(57) 
(58) 



The exact expressions for these Poisson brackets are not necessary as we shall see shortly. 

At this point, adding the new constraint C 2 , let us consider a new constrained Hamilto- 
nian, 

fttaLi = ^ + AC a + BC B + AC 2 , (59) 

where A is the Lagrange multiplier associated with C 2 . Since Cb commutes with the other 
constraints as well as with the Hamiltonian *HS S \ it is a first class constraint. As for Ca and 
C 2 , their consistency with the equations of motion require 

dC A dC A 



dt 



dt 



dC 2 dC 2 



{c A M s \y)} + Ky) {CaMv)) 
{c 2 M s \y)} + A(y) {C 2 ,CA(y)}~ 



: 

0. 



(60) 
(61) 



Since {C 2 ,Ca} 7^ 0, these two equations determine A and A. Thus the two constraints 
Ca = C 2 = are second class. Hence in particular, A is not a gauge degree of freedom as 
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Einstein gravity: A is determined by the consistency of the constraints with the equations 
of motion, and thus the time reparametrization symmetry is lost. 

Finally, let us discuss the gauge transformation properties of physical quantities. Since 
there is no temporal gauge degree of freedom, the only remaining gauge degree of freedom 
is the one associated with spatial gauge transformations (of scalar type), and Cb is the 
generator of the spatial gauge transformations. It is then not difficult to calculate the gauge 
transformations of physical quantities. Since Cb = II 5 , a physical quantity X = X(U q ,q), 
where q = {TZ,S4>, E}, will transform under a spatial gauge transformation induced by 
x l — > x l = x 1 — d 1 ^ as 

X =X + 5 g X ; 

S,X = {X, I * x(Ca } = §^ / AfC, = § f . (62) 
In particular, S g E = £ and all the other canonical variables are automatically gauge invariant. 

C. Hamiltonian reduction 

Now we can see how many dynamical degrees of freedom are left after reducing the 
phase space. Since there are one first class and two second class constraints, we have only 
one dynamical degree of freedom, or one pair of canonical variable-conjugate momentum. 1 
Following the method developed by Faddeev and Jackiw [12 ], we derive the reduced Hamil- 
tonian by inserting the constraints Ca = Cb = C 2 = into the action in the first order form, 
5 2 S& = J d 4 xC { 2 \ with 4 2) given by gHD- 

We proceed as follows. We first use Cb = to remove Tl E . Since does not involve 
E, this automatically remove E as well. Next, by applying Ca = 0, we eliminate Tl n . At 
this stage, C { 2 s) = C { 2 s) {TZ, 50, IT^) and C 2 = C 2 (K, 5(f), IT 5 *). Now, in place of 50 and n 5 *, if 

1 According to Ref . Q] , at linear level there exists a single extra degree of freedom which is manifest only 
around spatially inhomogeneous and time-dependent background. It was argued that the absence of extra 
degree of freedom in the non-projectable case is the artifact of considering linear perturbations around a 
homogeneous background. In our opinion, the presence of a fixed background time-slicing seems necessary 
to make the theory consistent, but it needs a more careful analysis in order to clarify this issue, which is 
beyond the scope of the present paper. 
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we introduce auxiliary variables, 



Q 



^71 
H ' 



T-L V a 

we find that the action at this stage takes the form. 



(63) 
(64) 



2° temp 



d x 



YQ' - M S oL(Q, Y, K) - XC 2 (Q, Y, K) 



U { t ± p (Q, Y, TZ) = A(Y, Q) - B(Y, Q)ATZ + KFAK 



where A and B are, respectively, quadratic and linear in Y and Q, in the form, 

A(Y, Q) = A{Y 2 + A 2 YQ + QA 3 Q , 
B(Y, Q) = B 1 Y + B 2 Q , 



(65) 

(66) 
(67) 



and T is an operator quadratic in A. Finally, we use C 2 = to express TZ in terms of Q and 
Y as 

1Z=-T~ X B. (68) 
Then we see that Y is indeed the canonical conjugate to Q, Y = U9, and we end up with 

S 2 S^ -- 



d 4 x [U Q Q' -Hl 8) (n9,Qj\ 



=A<p9,Q) - \B{T&,Q)jB{Tl Q ,Q) 



(69) 
(70) 



The explicit forms of A, B and J 7 in the above are given in Appendix El 

It is interesting to note that the variable Q introduced in ( 1631) appears to be equal to the 

gauge invariant scalar field perturbation on flat slicing in Einstein gravity for which Ca is a 

first class constraint, although in the present case there is no physical meaning associated 

with the variable Q since Ca is not first class. 

Using the Hamiltonian equation of Q, we can eliminate IT^ in favour of Q to write ( 1691) 

purely in terms of Q as 

'02 



where 



8 7 pW = J d'x^Q'^-Q' + Q 



Qi = A x 



A, 



4£i 

B X B 2 
27 A 



g * G 



Q 



A, 



g 
AFA 



(71) 



(72) 
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If we change the variable by introducing 



we can write ( I7ip as 



/2 

u — u 



Q = s/Wxu , 



t)'-(f) i - ft ®)'-« +4ftft 



(73) 



u 



(74) 



By varying (IT4"j) with respect to u, we obtain the equation of motion of u as 

u = . (75) 



In the limiting cases fc — >• oo and fc — >• 0, we obtain useful expressions: they are presented in 
Appendix [Bl 

V. SCALAR PERTURBATION: WITH PROJECTABLE CONDITION 
A. First order form of the Lagrangian 

If we first apply the projectable condition A = A(rj) to ( |36|) . we can eliminate two terms 
in ( 1361) . which are of the form, 



A x (spatial derivatives of other canonical variables) 



(76) 



Since A is now a function of time and thus these terms can be made as total spatial deriva- 
tives, and we can drop them from the beginning. Thus now we have 

1-3A 



/ d 4 xa 2 
1-A 



3TZ' 2 - 6UAn' + (U' + 2H 2 ) A 2 - 27e'A(S - E') 



f — — [A(B - E')Y - 2nKAK + — (3«i + 8a 2 )(A7iy 

a z 

U, /2 ^ 1 



-5<j)" -SZ- -a 2 
2 Y 2 



- <f)' A5<p' - 3<f)' K'5<f) - cfV+ASQ + (f)' 5(t)A{B - E') 



Finding the conjugate momenta, we can see that this time we have different U E as 

1 -3A_, 1-A 



= a 2 A 



-W - 2^—A(B - E') - <f)' l 



(77) 



(78) 
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Comparing with ( 14"T|) . we can see that there is no HA term, which is already dropped out. 
IF and IT' 5 * are the same as (I45p and (I46p . respectively. Then, using (T4"5T) . (|4*6|) and (1781) to 
replace time derivatives with the conjugate momenta, after some arrangement, we find 



C 



0) -TT^-O' 



H(s) _ 3a 2 (l ^) 2 n 2 A 2 _ Ma _ BCb 



2k 



/2 



(79) 



U 



2 r 



4a 2 
+ 



2 v k 2 1 



3A) 



n 



7v- 



+ 



3K 2 a 2 



4(l-3A) ro 
3(1 -A) 



5(f) 2 + 2a 2 finAn - 2(3ai + 8a 2 )(Aft) 2 + — (2<5Z 



2(1 -3A) 

2t/ XJ,2j 



3(1 -3A). 



+ a 2 (3ft#, + aVA 



C R =Ii E 



(80) 
(81) 
(82) 



where again we have used (T29]) to simplify A 2 terms. 



B. Equations of motion 

From the Lagrangian (ITS]) , we can solve A = A (77) to obtain 

k 2 j c1 3 xCa 

A{r,) = ~3a*(l-3\yH 2 ~[ahr- (83) 

Here we should note that Ca is linear in the perturbation variables. Hence its integral over 
space 2 singles out zero modes or spatially homogeneous modes. Thus, if we consider an 
infinite spatial volume, the integral vanishes because spatially homogeneous modes are not 
included in perturbation by construction 3 . Therefore 

A(rj) = . (84) 

This again means that there is no time reparametrization symmetry, but the situation is 
different from the case without the projectable condition. Previously A was dependent on 

2 Note that in this version of HL gravity, the Hamiltonian constraint, given by the integration over the 
whole space, may give rise to an extra dark-matter-like component in the Friedmann equation (|26[) . if a 
non-trivial spatial boundary is considered, as pointed out in Ref. jl3j ] . 

3 We may include spatially homogeneous modes of the canonical variables. However, they simply describe 
a global gauge degree of freedom corresponding to the global time reparametrization given by 
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and determined by the constraints, but now A simply vanishes: there is only a single way 
of time-slicing. This is analogous to the concept of "absolute time" in Newton gravity. 
Meanwhile, B is a Lagrange multiplier and its equation of motion, Cb = = 0, is the 
momentum constraint, representing the spatial gauge degree of freedom again. Then once 
again all the other canonical variables other than E are gauge invariant. 

Now following Ref. 12[, we may plug A = He = into the action to obtain the reduced 
action for true dynamical variables. Denoting by a subscript * the Lagrangian with A = 
H E = substituted, we find 

4* } =n n n' + u^Scf)' - n[ s) , (85) 



2a 2 8a 2 (l-3A) 2(1 - 3A) r r 4(1 - 3A) r r 

a 2 

+ 2a 2 fiTZAn - 2(3ai + 8a 2 )(Aft) 2 + y + aV 00 o"0 2 ) . (86) 

Before proceeding further, we pause for the moment and consider the number of remaining 
degrees of freedom. As can be easily seen, there remains no further constraint in ( 1861) . Thus 
there are four degrees of freedom in terms of canonical variables, or two configuration space 
variables Ijj]. Namely, it is impossible to reduce the perturbation degrees of freedom to a 
single degree of freedom like Q as before. 

(s) 

Given the reduced Hamiltonian density "H; , we can write down the Hamilton equations 
of motion for the canonical variables to obtain 

IT 1 *' = - 2 [2a 2 fiAK - 2(3ai + 8a 2 )A 2 K] , (88) 

5<f>' — , (89) 

n"' = - ^-^y tilF - ^0^/o 2 ^ - * 2 (2^ + a 2 V H ) 50 . (90) 

Combining these equations, we may eliminate H 11 and U 6 ^ to obtain coupled second order 
differential equations for 1Z and 5<p, 

n " + miZ ' + a 2 (l-3\) ~ {3ai + 8a ^ A2lZ \ = 2am- 3A) ( a ^W > ( 91 ) 

6<j>" + 2ft<ty' + 2(1 ^ 3A) / O 2 o0 + (25Z 5<P + a 2 V H ) 5<j> = - . (92) 
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Note that the above equations may be obtained by eliminating the canonical momenta from 
the Lagrangian fl86l) by using (IHTj) and fl89|) . If we do this, we find the kinetic part of the 
Lagrangian becomes 

This suggests that there is a ghost in the theory for A in the range 1/3 < A < 1. 

Before concluding this section, it may be worth discussing the special cases of A = 1/3 
and A = 1. In the case of A = 1/3, we see from (1551) that we have an additional constraint, 

Tl n + 30o50 = . (94) 

Then if we eliminate U 71 from the action, 1Z ceases to be dynamical, and S(p becomes the 
only remaining dynamical degree of freedom. 

In the case of A = 1, the IT^ 2 term in the Lagrangian vanishes. This means if we go back 
to the second order form of the Lagrangian, we cannot eliminate H n . Namely, we have 



/•(«) 



(I 



2 ucj)' 2 3« 2 a 2 /2 2 a 2 . 2 2 



2^8 2 



- (25Z + cPV^tf) 



-2a 2 fj,KAK + 2(3a a + 8a 2 )(Aft) 2 + Tl n (lZ' + ^-#>^ » ( 95 ) 

and U n remains as a Lagrange multiplier for the constraint 7Z' + n 2 <f)' 5<f)/4 = 0. Eliminating 
S(j) by using the constraint gives a Lagrangian for 1Z which contains 1Z" 2 . Thus the system 
gives a fourth-order differential equation for TZ. In other words, there is no change in the 
number of dynamical degrees of freedom in this case. Whether one of them is a ghost is an 
issue that needs a more detailed analysis, which is out of the scope of the present paper. 



VI. CONCLUSION 



In this paper, we formulated the linear cosmological perturbations in HL gravity. The 
complication is that the space-time structure of HL gravity is very different from that of 
Einstein gravity because of the lack of general covariance and the consequent projectability. 
This in turn means that the issue of gauge transformations for the cosmological perturbations 
is also different. Therefore, we first of all have to address this question to properly extract 
true dynamical degrees of freedom and to study their evolution with the equations of motion. 
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We studied this subject in the case when the matter sector is given by a canonical scalar 
field. 

To systematically reduce the number of degrees of freedom, we employed the Hamilto- 
nian formalism and derived the Lagrangian in the first order form, the analysis of which 
immediately tells us the true dynamical degrees of freedom. We found that irrespective of 
project ability, the tensor perturbations have two independent degrees of freedom, or two 
polarizations, while the vector perturbations are not dynamical. This is the same as in 
the case of Einstein gravity. For the scalar perturbations, however, the result depends on 
whether we apply the projectable condition or not. 

When the projectability is not applied, the Lagrangian looks similar to that of Einstein 
gravity where there are two constraints corresponding to Hamiltonian and (scalar-type) 
momentum constraints. But unlike Einstein gravity, the consistency of the two constraints 
gives rise to a secondary constraint, and this new constraint and the Hamiltonian constraint 
become second class, while the momentum constraint remains first class. Thus we lose 
the time reparametrization symmetry, and we are left with a single dynamical variable (in 
configuration space). It may be noted that mathematically this new constraint works exactly 
like a gauge fixing condition. In this sense, HL gravity without projectability is like Einstein 
gravity but with a preferred time slicing. 

With the projectability condition, we have an absolute time in the sense that time-slicing 
is apriori completely fixed irrespective of the dynamics. Then the scalar gravitational degree 
of freedom, which would be constrained in Einstein gravity, becomes dynamical. Thus we 
are left with two independent degrees of freedom, one from gravity and one from the scalar 
field. We obtained their coupled second order different equations. 
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Appendix A: Various functions introduced in Sec. IIV CI 



In this appendix, we present the functions A(H9,Q), B(I1 Q ,Q) and J 7 which appear in 
Section IVCl 

A =A 1 Ii Q2 + A 2 U Q Q + QA 3 Q , (Al) 
B =B l Ii Q + B 2 Q , (A2) 
J =J= X + J- 2 A + J- 3 A 2 , (A3) 



where 
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(All) 
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Appendix B: UV and IR limits of IjTS 



Here we consider the ultraviolet and infrared limits of ([75]) . If we schematically write 
Q75D as 

u" + tu 2 u = 0, (Bl) 
we can easily find that in the ultraviolet limit, 
4(1 - A)«V 



k—>oo 



a 2 (l -3A) a 2 \<f)' 



(1 - 3A)^ 2 

Note that A 3 terms precisely cancel each other 
have 



(3ai 



la 2 ) \ A . 



(B2) 



111 ] . Meanwhile, in the infrared limit we 



9 2k 2 u a z" 
u 2 — v ^--A 

k->o 1 — 3A z 



(B3) 



with z = (Kp^/H. If in addition we set K 2 fi = 1 and A = 1, (1751) reduces to the well-known 
perturbation equation in Einstein gravity [l, 8] 



z 

u" - Au u = . 

z 



(B4) 
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